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Weight Function Approach to g-Difference
Equations for the g-Hypergeometric Polynomials
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In this paper we define a new algebra generated by the difference opebgtansd
Dg-1 with two analytic functionsx(x) and B(x). Also, we define an operatdv =
J1Jp — J3Js s.t. allg-hypergeometric orthogonal polynomiafg(x), X # cos@), are
eigenfunctions of the operattt with eigenvalues.q[n]q. The choice of(x) ands(x)
depend on the weight function ¥f(x).
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1. INTRODUCTION

Itis known that there is a relation between Lie groups and certain special func-
tions (Miller, 1968). Special functions appear as basis vectors and matrix elements
corresponding to a local multiplier representations of Lie groups (Vilekin, 1968).
For example Bessel functions appear in two distinct ways: as matrix elements of a
local irreducible representation &0, 0) and as basis functions for anirreducible
representation of the four-dimensional Lie algeb(@, 0). So Lie theory gives a
natural setting for an algebraic interpretation of the special functions.

The g-special functions are extensions to a base q of the standard special
functions. A connection betweenspecial functions and quantum algebra has been
established (Gonzalez and Ibort, 1992; Koelink, 1996; Koornwinder, 1992, 1994).
In this case one considers matrix elements of operators builgaétkponentials of
operators; these elements turn out to be expressible in terqieyergeometric
series. Alsay-special functions appear as the basis of irreducible representations
of quantum algebras.

Inthis paper, in analogy with the Lie theoretic treatment of standard functions,
we suggest a new approach to studying the relation between quantum groups

1Mathematics Department, Faculty of Science, Mansoura University, Mansoura 35516, Egypt.
2To whom correspondence should be addressed at Mathematics, Department, Faculty of Science,
Mansoura University, Mansoura 35516, Egypt; e-mail: hegazi@mans.edu.eg.

237

0020-7748/04/0100-0237/ 2004 Plenum Publishing Corporation



238 Hegazi and Mansour

and g-special functions we consider a new algebra generated by the operators
Ji, 2, J3, Ja, we call it Dg-algebra. On theDg-algebra we will define a new
operatoM = J; J, — JzJs suchthataltj-hypergeometric orthogonal polynomials
Yn(X), X # cosP), are eigenfunctions of the operatdrwith eigenvalues4[n]q,

that is

MY, = Ag[n]q Y,
where the quantum numben]f, is defined by
1-q°
1-q
We consider the operatdfl as ag-revised form of the Casimir operator in the

algebraDy. Also the choice ofl; andJ; will depend on the weight function of,
but J; and J, are the difference operatol, andDg-: (respectively).

[n]q =

2. BASIC CONCEPTS

Theqg-shifted factorials &; q)x (the g-extension of the Pochhammer-symbol
(a)x) is defined by

k—1

@ay =] [1-ad),

i=0

with the following properties

oy @=a™),
@x;q)n = W(X,Q)n-
_ (1-9'x)
@ ;)0 = ErEmL
s — (—1y q@-nr @D
(@;Qn-r = (-1)q "y

Also
@d = [ [@—ad).
i=0

The basic hypergeometric seriesis defined by (Koekoek and Swarttouw, 1994)

alv'-'vaf 00

(al ----- ar; q)k K & (k—1)) 1+s—T xK
X = —— ((—1)"q> —
s %) = 2 oy e YT G
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where
r
(G ) P I [CTHC )
i=1

The basic hypergeometric series is a polynomial inx if one ofg; equalsq™,
n is a nonnegative integer. Otherwise the radius of convergenag of

oo, ifr<s+1

p=1{1 ifr=s+1
0, ifr>s+1

The classical exponential functiat can be expressed in terms of the hy-
pergeometric functiong* = oFo(Z ; x) this function has two different natural
g-extension denoted b (x) and Eq(x) defined by

0

&(X) =100 | Id;Xx

2 xk 1
_k; @k (X Doo’

and

Eq(X) =o0po | IO;X

B 0 q('ﬁ)xk

=2 CO (—X; oo

wherex € C, |x| < 1, and 0< g < 1. Also g;(x) and E4(x) can be considered
as formal power series in the formal varialste They have the following
properties:
&(X)Eq(—x) =1,
&(ax) = (1 — 2)gy(x),
Eq(x) = (14 X)Eq(ax),
&q(x) = (1 - g~ x)eq(@ '),
Eq(@ ) = (1+ a4 %) Eq(X),
(™) Eq(—x) = (X; Q)n,
& (X)Eq(—9"x) = 1/(X; Q)n,
limg—1e((1 — g)x) = limg_1 Eq((1 — q)x) = €*.
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3. THE D4-ALGEBRA

Definition 3.1. Theqg-difference operatorB, andDq_1 are defined by
f(x) - f(g*'x)

X#£0
Dy f() = § | X1 =% 7
df(0) «—0
dx ’ B
where
. _df(x)
(I]|Lnl Dgs f(X) = ax

The two g-exponentialse,(x) and Eq(x) are eigenfunctions of the-difference
operatorsDy andDy-1 (respectively) where
1

quq(X) = meq(x)v

Dg1Eq(x) = Eq(x).

q-1
Lemma. 3.2. The two operators Pand D, are a quantum representation of
the quantum plane algebra generated by x and y with the commutation relation
Xy = qyx by putting

X — Dg+ and y— Dq.

Proof:
f(x) — f(a~'x)
DB+ 19 = D (=4
1 (f(X)— fl@*x)  f(ax) - f(X))
C(1-gx \ (@-gHx (1—g-Ygx
1 f(gx) — f(x)
= e (0010 -G

= W(qulf(x) — Dq f(X)).

Similarly

Dg-:Dq f (X) = ————(Dg: f (x) — Dq f (X)).

q
(I—a)x

Then we have
an Dq =q Dq Dq—l. 0
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Definition 3.3. The Dg-algebra is a nonassociative algebra generated by the
operatorsly, J, Jz, and Js:

J1 = a(x), J = Dg-1,

J3 = B(x), Ja = Dy,
with the commutation relations

Ik =(1— g Hx(d)d,

J1ds = (1 — q)x(Jgd1) da,

J1Jz = Iy,
Bdh =1 - g Hx(H)L,
Jds = qdsdy,

J3ds = (1 — q)x(JaJ3) da,

where the functiong(x) and8(x) are analytic functions in the variabke

Definition 3.4. On theDgy-algebra define the operatbt by
M=2Jxl— I

such that allg-hypergeometric orthogonal polynomia¥s(x), X # cos@), are
eigenfunctions of the operatdf with eigenvalues.q[n]q.
And the operatoM satisfies the following relations for any analytic function

¥ (x):
MWy (X)) = (M )y (x),
M Iy (x)) = (M J) ¥ (x),
LMY (X) = [(J2d1) I — (J2J3) Ja] ¥ (X),
IaM Y (X) = [(Jadr) J2 — (JaJz) Ja] ¥ (X).

For theg-hypergeometric orthogonal polynomiafg(x), x # cos@), we use the
notation Q where

aly"'!af
r—s, if Yn(X) = rgs lg; X
bj_,...,bs
Q=
a,...,ar_1, X
r—s—1, if Ya(X) = os la; k
bl,...,bs
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Also we will define three cases df and J; depending on the weight function
W(x, q) of Yn(x)

(1) 1f W(x, q) = [T, e fi (x))x

choose
J=-9a'x)"¢
3. = —1W(Gx )
°TXQW(x,q)
(2) If W(x, a) = [Ty &(fi(09) [T}y Eq(g; (X))
choose
3 _ 177 Ea@i@™))
| = Eal¥i® )

X j=1 EQ(gi (X))

P s LCGICEY
X1 &(fi(x)
(3) If W(x, q) = [Ti_y &(fi (0)) [T}y Eq(g; (X))x°
choose
117 Eq(gi(@*x)

SR SN ENEY)

k
S efi@)
B=a"11¢mo0)

4. g-DIFFERENCE EQUATIONS OF THE g-HYPERGEOMETRIC
POLYNOMIALS Yy (X), X # c0s@)

4.1. g-Laguerre Polynomial

The g-Laguerre polynomial is defined by

. g™
(@),

@ |q;_qn+ot+lx
@ got

L(x;0) =

and the weight function is
W(X; a; q) = gg(—x)x".
ThenQ =0 and
W(ax; e;0) = g%(1 + x)eg(—x)x*.
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Now J; and J; are
Jl = _q_ly
J=—-q"(1+x).
Then theg-difference equation of % (x; q) is
(—a7'Dg+ + q*(X + 1)Dg)L 71 (x; Q) = Aq[nlqL}(x; Q).
By equating the coefficients af' one gets
q“[nlq = Aq[n]q,
then

)\q = qO(.

4.2. Stielties—Wigert Polynomial
The Stielties—Wigert polynomial is defined by
q—n

1
S 0) = — lg; —q™*x
(x;q) @ a;:—q

and the weight function is
W(x;q) = &g(—X)eq(—aqx ™).
ThenQ =0 and
W(gx; g) = x&(—X)eq(—gx ).

Now J; and J; are

‘Jl = _q 1]

J3 = —X.
Then theg-difference equation o§,(x; q) is

(—a"*Dg-t + X Dg)Sh(X; A) = Aq[NlqSh(X; Q).
By equating the coefficients of' one gets
[nlq = Aq[N]q,

then

=1
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4.3. g-Hermite Il Polynomial
The g-Hermite Il polynomial is defined by
q ", ix
ha(x; @) = i 7"q )0 9; —q"

and the weight function is

W(X; q) = eq(ix)eg(—ix).
ThenQ =1 and
W(ax;a) = (1+ x?)eq(ix)eq(~ix).

Now J; and J; are

J=—x1,

J=—(1+x3)xL.
Then theg-difference equation is

(=X Dg-1 + (L + X3)X1Dg)hn(X; ) = Aq[N]ghn(X; ).
By equating the coefficients of' one gets
[nlg = Aq[nlq,

then

4.4. Al-Salam-Carlitz Il
The Al-Salam-Carlitz Il is defined by
q " x
Vi (x;) = (2)"q @00 jo; &

and the weight function is
W(x; ; q) = €y(X)eg(a*x).
ThenQ =1 and

W(gx a;q) = W%(X)%(aﬂx}
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Now J; and J; are
‘Jl =—-X7,

_-x@-x)
a
Then theg-difference equation 0¥2(x; q) is

1_ _
( X)a(‘a X)Xqu)

J =

(‘Xqul + Vi (x; 0) = Aq[nlq Vi (x; 0).

By equating the coefficients of' one gets

1
. = A
a[”]q q[nlg.
then
1
)\.q = 5.
4.5. Al-Salam-Carlitz |
The Al-Salam-Carlitz | is defined by
qfn’ Xfl
Ua(x;a) = (~a)"a®) 0 ja; & |,

and the weight function is

W(x; a;q) = Eq(—aX) Eq(—a"qX).

Then
Eq(-a9X)Eq(-q7"a"'9x) _ (1—x)(@—x)
Eq(—aX)Eq(—a~tqx) a
Now J; and J; are
1-x)(a—x)
‘Jl =
ax
1
Jb=.
X

Then theg-difference equation dil 2(x; q) is
((1 —X)(@—x)

1
X2 by - 200 UZi) = AalnlaVicia)
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By equating the coefficients af' one gets

2{nlqs = glnly

then
1
)\‘ — 1-n
a= 30
4.6. Bigg-Jacobi
The Bigg-Jacobi is defined by
q—n, abdvrl, X
Pa(x;a, b, ¢;0) = 392 l9; g
aq, cq

and the weight function is

W(x; a, b, ¢; q) = €5(X)&q(—bc ) Eq(—a x) Eq(—c1x).

Then
Eq(—q'a ') Eq(—q*c'x) _ (ga—x)(qc—Xx)
Eq(—a 1X)Eq(—Cc1x) g2ac ’
&;(ax)gg(—gbc*x) (1 —x)(c — bx)
eq(X)eq(—bcix) c '

Now J; and J; are
(qa—x)(gc—x)

J =
! g2acx
(1 —x)(c —bx)
=
cX

Then theg-difference equation oP,(x; a, b, ¢; q) is
(@a—@@c—mDr_a—mm—meo

g2acx a cX

x Pa(x;a, b, ¢;q) = A9[n]qPa(X; a, b, ¢; q).
By equating the coefficients af' one gets

1

b
qz?:[n]q-l - E[n]q = Ag[nlq,
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then

B 1— qn+lab
b= Tgritac

4.7. Bigg-Laguerre
The Bigqg-Lagurre is defined by
g 0,x

Pa(X; a, b; q) = 392 lg;q
aqg, bq

and the weight function is

W(x; a, b; q) = eq(X)Eq(—a x)Eq(—b'X).

Then
Eq(—q'a'X)Eq(—q'b™x) _ (gb—x)(ga— x)
Eq(—a1X)Eq(—=b~1x) g2ab
&@x) _ .
& () =(1-x).

Now J; and J; are

3= (gb—x)(qa — x)
v g2abx
(1-x)

J3 = .
X

Then theg-difference equation oP,(x; a, b; q) is

b— - 1-
<(q q);)a(gj X) Dyt — ( . X) Dq> Pn(x; @, b;q) = Aq[n]q Pn(x; a, b; q).

By equating the coefficients of' one gets
qz?)[n]qa = Ag[Nlq,
then

_ 1
)\Iq - qu*lab'
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4.8. Discreteg-Hermite | Polynomial
The discretay-Hermite | polynomial is defined by
q—n’ Xfl
ha(x; @) = 42 19; —x

and the weight function is
W(x;q) = Eq(—aX)Eq(qx).
Then

Eq(—a'ax)Eq(q0x)
Eq(—ax)Eq(qx)

= (1—x3).

Now J; and J; are

2
3= (1-—x )’
X
B= 2.
X
Then theg-difference equation dfi,(x; q) is
1-x2 1
(B5720e = D4 i) = ;.

By equating the coefficients af' one gets

—[n]g—+ = Aq[N]q,

then

Aqg=—(

4.9. Little g-Jacobi Polynomial
The Little g-Jacobi polynomial is defined by
q—n’ abd“*l
Pn(x; a, blq) = 2¢1 lg; ax
aq
and the weight function is

W(X; o, B19; ) = eq(a’ T x) Eq(—gx)x*.
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Then
Eq(—a7'ax) 1 %)
Eq(—0ax) - ,
eq(qqﬁ"‘lx) _ ( 'B+1X)
@) o1
Now J; and J; are
1-—x
J = ,
T g

Js=(1-gx)g”.
Then theg-difference equation oP,(x; a, b|q) is

1-x
(BP0 = - 0007 D4 ) P, bia) = 2qlnlaPo(cia, bl
By equating the coefficients of' one gets
1
_a[r‘]q*1 + g+ [n]q = Aq[nlq,

then
)\q — qa+ﬂ+l _ q—n.

4.10. Little g-Laguerre/Wall Polynomial
The Little g-Lagurre/Wall polynomial is defined by
q "0
P(x;alq) = 291 la; gx
aq
and the weight function is
W(x; @|q; ) = Eq(—gx)x*.
Then
a1
Ba(-a7a%) _ g .
Eq(—0X%)
Now J; and J; are
1-—
3= ( X),
q
J3 = q".
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Then theg-difference equation oP,(x; a|q) is

(u;—X) Dg: — g° Dq) Pa(x; ala) = Aq[nlqPa(x; ala).

By equating the coefficients af' one gets

1

——[n]g-1 = Ag[N]g,

q[]q1 q[ ]q
then

)\q = _q_n.
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